44
(1981) and later used with slight modifications by several authors including Parresol et al.
45
(1987) and Bullock and Burkhart (2003) . Several researchers including Cao and Burkhart
46
(1980), Cao et al. (1980) , Parresol et al. (1987) , Bullock and Burkhart (2003) and most recently Zhao and Kane (2017) have used weight and/or volume-to-upper-height ratio 48 functions. Van Deusen et al. (1982) and Reed and Green (1984) 
58
Condition I states that the merchantable-to-total volume ratio should be zero when the 59 merchantable-to-total height ratio is zero. This naturally follows from the fact that the 60 volume of a geometric solid is a three-dimensional quality that requires non-zero height 61 as well as cross-sectional area. Condition II states that the merchantable-to-total vol-62 ume ratio should be equal to one when the merchantable-to-total height is equal to one.
D r a f t
height, the numerator of the ratio function R(p) must be equal to its denominator, total volume. Condition III states that the rate of change in the merchantable-to-total volume 66 ratio with respect to increase in the merchantable-to-total height ratio should be greater 67 than or equal to zero. This results from the fact that any infinitesimal increase in the 68 merchantable-to-total height ratio p results in the addition of a "thin disk" of merchantable
69
volume to the numerator of the volume ratio R(p). Condition IV states that the rate of 70 this latter increase in R(p) with respect to p actually decreases with increasing p, because 71 the diameter of each additional thin disk decreases with increasing p due to stem taper. highlights the role of the taper function which will be significant in this article.
76
The procedure for developing compatible taper equations from these upper-stem height 77 based volume ratio prediction systems is similar to the approach used by Clutter (1980) 78 but differs in an important way because when the height-based ratio system is used it is 79 not necessary to solve a differential equation to obtain a compatible taper equation. This
80
can be a significant advantage depending on the mathematical complexity of the ratio 81 function.
82
Basic derivation of taper function
83
We can equate volumes to upper-stem height limits with the volume ratio function to the 84 classic tree stem "slices" volume integral as follows: 
Solving for d(h) yields the taper function:
We have added the error term ε having zero mean (E(ε) = 0) and variance σ 2 because 96 this model would of course be fitted to individual tree data subject to natural variation.
97
Subsequently we will add ε to taper functions after their mathematical derivation is 98 complete. This derivation is essentially similar to derivations found in Van Deusen et 99 al. (1982) and Reed and Green (1984) . As an example let us derive a taper function 100 compatible to the volume ratio function termed the "modified Burkhart" by Cao et al.
101
(1980), and also used by Cao and Burkhart (1980) and for weight ratio estimation by 102 Bullock and Burkhart (2003) . Cao et al. (1980) English unit) and β i are parameters for i = 0, 1, 2
Equation 5 meets Condition III because the fitted value for β 0 must be negative. According 109 to equation 3 the taper function then becomes;
This is similar to derivations by Van Deusen et al. (1982) and Reed and Green (1984 
The advantage of equating the "slices" volume integral of equation 1 to 
where H is total height (m), D is DBH (cm) and a i are parameters for i = 0, 1, 2. Perhaps would be:
D r a f t or, inverted to predict upper-stem height at a specified upper-stem diameter: 
where
is the ratio of volume up to height 131 h = pH to total volume and α > 1 and β ≥ 0 are parameters. This implies:
The resulting taper function is:
or inverted to predict upper-stem height for a given upper-stem diameter:
As indicated by Zhao and Kane (2017) 
However, this may not be reliable because the form of the ratio function (11) 
where 0 < β ≤ 1, α > 1 and 0 ≤ p ≤ 1. For this equation the change rate in the volume 148 ratio is:
In order to obtain upper-stem heights h(d) to a specified upper-stem diameter d the 152 inverse function must be solved using numerical methods. This can easily be done using addition to those defined above:
Differentiating this expression with respect to upper-stem height h yields:
The corresponding compatible taper function is then: in addition to those previously defined:
Differentiation with respect to h gives:
This results in the following compatible taper equation:
This equation 24 can be solved algebraically to obtain an equation that can be used to 172 predict the upper-stem height corresponding to a specified upper-stem diameter d :
Taper functions corresponding to additional new height-based volume ratio functions pre- 
where:
202 203 on the OK dataset, and the fitted taper equations for the OK dataset on the SE dataset. (kg) and δ(h) be density in units of kg/m 3 as a function of height on the tree stem h.
In some cases a constant value may suffice for δ(h), especially for green weight. Differen-296 tiation of both sides and algebraic rearrangement results in the taper function:
The importance of condition IV for volume ratio equations, described in the Intro- function will be monotonically decreasing as h increases from 0 to total tree height H.
301
We have fitted ratio equations that did not conform to condition IV (results not pre-302 sented in this article but available from senior author on request) and observed that the and volume ratio equations that can be used to predict volumes to upper-stem height 315 limits and to provide stem profile models. If it is desired to predict volume to a specified 316 upper-stem diameter limit, the taper functions can be used to predict the upper-stem 317 height corresponding to that diameter limit and then the compatible height ratio model 318 can be used to predict the volume to that upper-stem diameter and height location. These 319 compatible taper equations provided a good fit to taper data for loblolly pine from the 320 southeastern USA and Oklahoma USA with R 2 > 0.96 for both equations fitted either 321 directly to taper data or implied by using coefficients from fitting volume ratio equations. 
The proof follows from differentiating the ratio function twice as indicated below and 
with compatible taper function:
The taper function corresponding to Zhao and Kane (2017) is:
The ratio function A.8 of Zhao and Kane (2017) is:
with corresponding taper function:
Zhao and Kane (2017) ratio equation A.9 is:
with compatible taper equation:
Ratio equation A.10 of Zhao and Kane (2017) is:
the compatible taper equation is: and validating the SE taper equations on that same data (Model 21SE, Model 24SE and 
